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Lateral Instabilities in a Grafted Layer in a Poor Solvent
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ABSTRACT: The effect of solvent quality on a layer of end-grafted polymers is determined using the random
phase approximation combined with a numerical mean field analysis. For sufficiently poor solvents, the
laterally homogeneous grafted layer is linearly unstable to fluctuations tangential to the grafting plane. In
the unstable regime, the grafted layer forms a “dimpled” surface in which the depth and separation of the
dimples depend on chain length, solvent quality, and grafting density.

I. Introduction

The presence of polymers can dramatically influence
the properties of both penetrable and impenetrable
interfaces and can in turn modify bulk phase behavior.!2
Forexmple, diblock copolymers can be used as emulsifying
agents in otherwise incompatible blends, and polymers
grafted to surfaces of colloidal particles can prevent
flocculation. However, the ability to theoretically predict
the interfacial behavior in these spatially inhomogeneous
polymer systems remains an outstanding challenge. At
high polymer concentrations, mean field methods can be
used to obtain the polymer concentration profile.>-1! The
random phase approximation (RPA)312 can then be used
to analyze the stability of the mean field solution.!? To
date, application of the random phase approximation for
heterogeneous systems has been limited to cases in which
the mean field profile is either known analytically or may
be otherwise assumed.!4® However, the mean field
analysis can, in general, be performed numerically,*2 which
can greatly expand the domain for RPA applications. In
this paper, we combine the random phase approximation
with a numerical mean field analysis to study the effect
of solvent quality on a layer of homopolymers in which
oneend of the polymers s grafted to a planar, impenetrable
surface. We consider the case in which the grafting points
are fixed;i.e., the grafted ends cannot move on the surface.

In the strong stretching limit, the mean field theory for
end-grafted polymers in a good solvent can be solved
analytically using the classical path approximation.101!
Applying the random phase approximation, Marko and
Witten studied the linear stability of the mean field
solution for a blend of grafted A-type and B-type chains.!*
It was found that the grafted layer can undergo a rippling
transition as the A-B incompatibility is increased. That
is, due to the fixed grafting points, global phase separation
is impossibie but, as indicated by the fact that the
instability of the mean field solution occurs at finite
wavelength, a microphase separation occurs tangential to
thegrafting plane. However, for an end-grafted homopol-
ymer layer in a poor solvent the situation is more
complicated. The effect of decreasing the solvent quality
will be to increase the local monomer concentration. This
can occur in two ways: First there may be local clumping
of the polymer chains in the tangential direction, leading
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to a rippling transition similar to that of the A-B mixture.
However, decreasing the solvent quality will also cause
the entire end-grafted layer to compress normal to the
grafting plane. This effect will make thelayer more stable
against tangential fluctuations, and the rippling transition
may be suppressed. The Monte Carlo simulations of Lai
and Binder!® and the molecular dynamics simulations of
Grest and Murat?® show that, at least for some regimes,
the lateral phase separation occurs. A scaling argument
by Klushin also indicates that such a transition may
occur.?! On the other hand, an RPA analysis by Ross and
Pincus which assumes that the polymer concentration
profile is a step function indicates that such a transition
does not occur,!® so the question remains unresolved.

To probe the apparent contradictions further, we study
the end-grafted layer by combining the random phase
approximation with a numerical mean field analysis. We
find that, for fixed chain length and grafting density, the
grafted layer is unstable to tangential fluctuations in a
sufficiently poor solvent. We constructthe phase diagram
as a function of chain length, grafting density, and solvent
quality, separating the regimes in which the laterally
homogeneous layer is linearly stable from that in which
it is linearly unstable. When the mean field solution
becomes unstable, our analysis indicates that, tangential
to the grafting plane, the end-grafted polymers clump
together to form a “dimpled” surface. For shorter chains,
the depth of the dimples approximately equals the layer
height, and the mean distance between dimples is pro-
portional to the radius of gyration of the chain in a
©-solvent. Asthe chainlengthisincreased, the instability
is more and more restricted to a region near the edge of
the grafted layer. A dimpled structure is still formed, but
the depth of the dimples is now given by the bulk
correlation length, The mean distance between the
dimples is larger than the radius of gyration.

The instability of the layer does not result if a step
function is used for the mean field profile on which RPA
fluctuations are built.1> The classical path approximation
can also be applied to the poor solvent situation.!”8 We
argue below that a stability analysis of the concentration
profile obtained from the classical path approximation
also will not produce the instability of the grafted layer.
(This is true even though our stability analysis is the same
as that of Marko and Witten.!4) In order to obtain the
instability, it appears that the correct mean field solution
must be obtained, and at least for the present, the mean
field solution must be obtained numerically. Since the
mean field solution and its stability in the present case
depend on the solvent quality, we find the rich behavior
outlined above. Sinceit doesnotrequire ananalytic mean
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field solution, our approach is quite general and should
allow one to study the effect of fluctuations in a large class
of spatially inhomogeneous polymer systems.

II. Mean Field Analysis

We describe the end-grafted polymers with the Edwards
Hamiltonian,?

1 N Rb(m)
#{R,(m)} = — d +
Rymi=—3_J, ”’Ham
w a3 w

6
9 . 30 2
far e+ —cm?®) 2.1
2 3

where a is the bond length, N is the polymerization, Ry(m)
is the position of the mth monomer on the bth chain, and
c(r) is the local monomer concentration at a point r. We
denote a vector in the x—y plane by x and the coordinate
normal to the grafting plane by z, i.e., ¥ = (x,2). The
grafting point of the bth chain, R,(0) is fixed on the grafting
plane z = 0 and ¢(r) = 0 for z < 0. The grafting density
is 1/12, where | is the average distance between grafts. We
have absorbed the factor of kgT in # so that the
Hamiltonian is dimensionless. The first term in the
Hamiltonian is due to the connectivity of the chain. The
second term comes from the solvent-mediated two-body
interaction, and w, > 0 (<0) for a good (poor) solvent.222
The third term is due to three-body interactions, and w;
> 0. Inagood solvent wsisirrelevant after renormalization
and can be neglected. However, for a poor solvent this
term must be included.22b
The local monomer concentration is given by

e(r) = Z’ [Vdm sR,(m) - 1) = (c®)) +bc(r)  (2.2)

where the brackets indicate the thermal average and dc(r)
isthe deviation of the local concentration from the average
so {6¢c(r)) = 0. Substituting eq 2.2 into eq 2.1, the mean
field Hamiltonian #,can be obtained from % by neglecting
all terms of order éc? or higher,*

1 N Rb(m) 3
# R, (m)} = ——E;j(’ dm + w.a’(c(R,(m))) +
2a om

wya®(c(Ry(m)))* (2.3)
and

f dz (c(z)) = N/I2 (2.4)

where (c(z)) is the value of {c(r)) averaged over the
tangential (x—y) plane. Within the mean field approxi-
mation, the interacting polymer system is reduced to a
system of independent chains in the self-consistent field
of the other chains. We assume that the mean field solution
is laterally homogeneous, i.e., {¢(r)) = (¢(2) ), and perform
a linear stability analysis of the mean field concentration
profile.

By rescaling 2, X, m, and ¢, it can be shown that there
are only two dimensionless parameters. The rescalings
appropriate for a poor solvent arel®

2=z2/h, x=x/X,, s=m/N, &x) =c)c, (2.5

where X, = (a2N/2)1/2is the radius of gyration of the chain
ina 6-solvent, h = Nwsa3/(Jwo}l?) is the characteristic layer
height in the strong stretching limit, and ¢y = w2/ (w3a®)
isthe bulk equilibrium concentration. With thisrescaling,
the two dimensionless parameters are v = h?/(2X¢?) =
N(ws2a%)/(jwo|2*) and 8 = (lwel*l4)/ (ws*a*).’® Physically, v
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is a parameter describing the stretching of the chains in
the 2 direction relative to the chains’ lateral extension.
The parameter 8 is less easily interpreted but can be
thought of as a measure of the interaction vs connectivity
termsin the Hamiltonian. The strong stretching limit (in
which the classical path approximation holds) is obtained
by letting v — .18 A detailed derivation of this rescaling
along with its relevance to the strong stretching limit is
given in Appendix A.

II1. Numerical Random Phase Approximation

Although systems in which the mean field analysis can
be performed analytically are rare,®-!! extensive numerical
techniques have been developed +® In most cases only
single-point quantities are considered, but since the chains
are independent, the two-point correlation function of the
mean field Hamiltonian

A%r,r) = (e(r) c())’ - (c(®))’ (c(r))®  (3.1)

can also be calculated numerically. (Here the superscript
“0” indicates the averages are with respect to #,, the
independent chain Hamiltonian.) The random phase
approximation is essentially an expansion of the full
Hamiltonian # in terms of the concentration fluctuations
around the mean field solution. Atlowest order,the RPA
relates the correlation function A of the full Hamiltonian
(i.e., including interchain correlations) to A°,

[Al'(er) = (AT (e r) +
(wya® + 2w,a%(c(r"))%) 8(r - 1) (3.2)

where the nonsuperscripted quantities are the RPA
expectation values.

The correlation function A is proportional to the
response of the local monomer concentration to an external
perturbation. Therefore, in addition to describing equi-
librium fluctuations, the correlation function contains
information about the stability of the mean field solution.
Inparticular, if any of the eigenvalues ¢; of A-! are negative,
the mean field solution is linearly unstable. (For this
reason A-! is also known as the stability matrix.) The
corresponding eigenvector ¢; with the most negative
eigenvalue ¢; is the most unstable mode. Although a full
description of the structures that are formed in the unstable
regime would generally require an analysis of higher order
(in 8¢) corrections to %, the mode ¢; which becomes
unstable as the phase boundary between stable and
unstable regimes is crossed often describes the structures
that are formed.23 Therefore, the linear stability analysis
can be used to determine both the stability of the laterally
homogeneous grafting layer and, hopefully, the type of
structures formed as the phase boundary is crossed.

Several cautionary remarks are in order. The linear
analysis cannot rule out the possibility that the laterally
homogeneous state is metastable and that a first-order
phase transition changes the layer structure before the
linear instability sets in. In this paper, we will assume
that this is not the case. Deeper into the unstable region,
it is much less likely that the structures observed will be
given by the most unstable linear mode. Therefore, we
restrict the discussion to the structures formed as the phase
boundary between the linearly stable and unstable regimes
is crossed.

To solve the mean field problem we use the Green's
function formalism.? The independent chain Green’s
function factors as

G(rmx’',m’) = Gy(x,m;x’,m) F(z,m;z’,m")  (3.3)

where Gy is the Green’s function in the x—y plane and is
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given by the diffusion propagator

G(x,mx’',m)=0 form<m’

-
= 2ra’lm - m/|)! exp(— —Jg—xl—)
2am - m’|

form=zm’ (3.4)
The function F satisfies3

(— “T T wya’(c(2)) - wya%(c(2) >2)F(z.m;2’,m’) =

8(z-2")d(m-m’) (3.5)

Both the average concentration (c(z)) and the mean field
correlation matrix A% can be obtained from the Green’s
function. The explicit formulas for (¢(z)) and A%in terms
of the Green’s functions are given in Appendix B.

The mean field concentration is obtained by a standard
iterative process. The Green’s function is evaluated by
numerically solving eq 3.5 using a trial concentration (¢(2)).
A new trial concentration is obtained from the Green’s
function, and the process is repeated until convergence is
reached. Here convergence is operationally defined by
the criterion

-

—

fdz [Kc'(2)) = {e(@))]
<1
fdz (c(2))

where c¢(z) is obtained from the Green’s function using
¢’(z) as the trial function in eq 3.5. After convergence we
calculate the mean field correlation function given by eq
B8in Appendix B. Due to the translational invariance in
the x—y plane, the eigenvectors of A® (and of A) are of the
form ¢, o(2) exp(~ig-x), and

Jdx fdx A%y e = g + @) A2 (3.6)

where r = (x,2) and q is the wavenumber in the x-y plane.

In practice, we integrate eq 3.5 using an Euler discret-
ization with Am =1/gand Az =1/,. We discretize A% using
the same value of Az and perform the Fourier transform
with respect to x explicitly. For each value of ¢, the result
is a square matrix A%z,2’;q) which we invert to calculate
A-1(z,2';q) using eq 3.2. We then obtain the eigenvalues
€(q) and eigenvectors ¢;(g) of [A]-1.25

For numerical reasons, it is simpler to fix N and vary
w; and ws. Our mean field analysis is done with N = 64,
{2=5,and a = 1. Since the stability depends on only the
two dimensionless parameters v = N(ws%a%)/ (wqf?l*) and
B = (Jwol*l*)/ (wsPa*), we can rescale our results to any other
values of N, I2, and a.

To study the stability of the grafted layer in a poor
solvent, we fix w3 and vary w; until we can identify, to
within 0.2 % , the value of w. at which the lowest eigenvalue
of A-! vanishes. In this manner, we obtain numerically
the critical value, 8 = 8*(vy), at which the mean field
solution becomes linearly unstable. The processalsoyields
the critical wavenumber ¢*(v) of the first unstable mode
which gives the characteristic lateral length scale of the
structures formed as the phase boundary is crossed. The
critical eigenvector ¢*(z;v) gives the z dependence of the
structures formed at the phase boundary.

IV. Results

We first present the results of the linear stability
analysis. Figure 1 shows the phase boundary separating
the regime in which the mean field concentration profile
isstable from thatin which it is unstable. (Linear stability
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Figure 1. Stability diagram as a function of y and 8. The circles
are the values of v at which 8*(v) is determined. The mean field
solution is linearly stable for 3 < 8* and unstable for 3 > 8*. The
line at large v has a slope of —%/,. The line at small v has a slope
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Figure 2. Stability diagram as a function of the experimental
control parameters X,?/l? and wya/l. Three values of w; are
shown: (X) w3 = 8;(0) w; = 1; (W) w3 = /5. The slope of the solid
line on the left is -3/, while that of the line on the right is %/ ;.
Note that the phase boundaries for the different values of w;
collapse in the small-vy regime.

and instability are implied unless otherwise stated.) For
any finite v, the laterally homogeneous profile is stable
for sufficiently small 8 and unstable for sufficiently large
8. The phase boundary can be divided into small- and
large-yregimes. Atsmally,thecritical valueof3isobserved
to behave as *(y) ~ y-%/2. We will present an argument
for this in the next section. There is a crossover between
v =~ 0.1 and ¥ = 0.5. At large v we find that the phase
boundary is given empirically by 8*(y) ~ v-2, where a =
34

In a typical experiment, w3 and the grafting density will
be fixed and w; and N will be varied. In Figure 2, we plot
the phase boundary in terms of the ratio of X2/[2 =
v(B/(4w3)) /2 vs wy(l/a) = B"/*w,** for various values of w;
=8, 1, and !/5. (w3 is expected to be of order unity, and
X is the radius of gyration of the chain in a 6-solvent.)
The phase boundaries in the two regimes are described by
the empirical scaling relations wy(l/a) ~ (X¢/1)-3 in the
small-y regime and wy(l/a) ~ (Xo/1)-3/5 in the large-vy
regime. Note that the phase diagram shows that for fixed
solvent quality (w. and w;) and grafting density (I-2) the
laterally homogeneous concentration profile is unstable
with increasing chain length N (~X?). We will discuss
the scaling relations and the observability of the two
regimes in the next section.

Figure 3 shows the scaled critical lateral wavenumber,
q*(v) X, at which the instability occurs. Due to the fixed
grafting points, the polymers cannot slide on the grafting
plane, and the instability cannot occur at ¢ = 0. Similar
to Figure 1, there are two distinct regimes in Figure 3. For
small v, we find g* X ~ 1.375 independent of v and so in
the lateral direction, the instability length scale is 27/q*
~ 4.5X,. A crossover in ¢*X, occurs at the same values
of v as for the phase boundary. In the crossover region
g* X becomes v dependent and so for large-v, we observe
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Figure 3. Critical wavenumber ¢*(y) at which the instability
occurs as a function of y. For small v, g*() is at the same value
as that of the independent chain system. At larger v, the most
unstable mode occurs at larger length scales. Empirically we
find that g*X, ~ v-'/* (solid line) at large v.
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Figure 4. Critical eigenvector ¢*(z;y) (solid line) along with the
scaled concentration (dashed line) at the phase boundary. c(z)
is scaled by ¢, = |w.)/ (wsa?) and z by h = Nw,a®/(Jwo|i?). Three
values of v are shown: (a) ¥ = 0.139, (b) ¥ = 1.71, and (c) v =
17.3.

that g* Xy ~ v~ with b =~ 1/5 (as indicated by the solid line
in Figure 3). Therefore g*X, decreases with increasing v
and so instability occurs at larger length scales. This
indicates that the chains are becoming stretched in the
tangential direction.

Figure 4 shows ¢*(z;v), the z dependence of the critical
eigenvector together with the scaled concentration profiles
at the phase boundary between the stable and unstable
regimes. The figures show the rescaled variables ¢/cy =
cwsad/|lwq| and z/h = z/(Nwsa?)/(lwo|l?). Figure 4a, with v
= (.139, corresponds to the small-y regime. The critical
eigenvector occupies most of the grafted layer and,
therefore, the instability involves the entire layer. As vy
is increased to ¥ = 1.71 (Figure 4b) and finally toy = 17.3
(Figure 4c), the most unstable mode is increasingly
restricted to the edge of the grafted layer, and the fraction
of the layer occupied by the instability is a decreasing
function of v.

V. Discussion

In this section we discuss qualitatively the reasons for
the different features of the instability for small and large
v. To help clarify the dimensionless parameters, we can
consider the system to be close to the O-temperature with
wosmall and negative and w; fixed. One can then imagine
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Figure 5. Schematic showing the types of structures expected
inthe small-y region. The instability occurs over the entire layer,
which is in this case on the order of X, and the most unstable
wavenumber isatq = 1.375/X,. Thisimpliesadimpled structure
with the depth of the dimples being the layer height and lateral
distance between dimples of about 4X,,.

increasing v by increasing the grafting density [-2. In the
small-y regime, at the instability, the concentration is
relatively dilute, less than the bulk equilibrium value c;.
In this case the w; term in the Hamiltonian can be
neglected. Increasing the grafting density will increase v,
and the monomer concentration will become comparable
to ¢o. This corresponds to the large-vy regime, where the
w3 terms are important.

A. Small-y Regime. In the small-y regime, ¢*X, ~
1.375 independent of v, indicating that the lateral insta-
bility occurs on the order of the ©-solvent radius of gyration
Xo. In the normal direction, the instability occurs over
almost the entire layer (see Figure 4a). We conclude that
the end-grafted layer forms a dimpled surface with the
distance between dimples on the order of the radius of
gyration, X, and the depth of the dimples being on the
order of the layer height (shown schematically in Figure
5).

In this regime, the mean field concentration profile is
essentially that of the Gaussian end-grafted chains in zero
potential (w; = w3 = 0). For example, the difference
between (c(z)) for v = 0.139 and (c(z)) for wy =0, w3 =
0 is less than 2% over the entire layer. (As noted
previously, the discussion is restricted to values of 8 along
the phase boundary.) This means that the solvent effects
come into the stability analysis only through the RPA
corrections (the last two terms on the right-hand side of
eq 3.2) and not in the modification of the independent
chain correlation A°. Since (c(z)) is the same as that for
wg = w3 = 0 and the dimpling occurs, the compression of
the layer can be neglected relative to the clumping of the
polymers in the tangential plane.

We can, in the expression for A-! (eq 3.2), replace A® by
the correlation function for the end-grafted Gaussian chain
in zero potential (wy = w3 =0). Furthermore, from Figure
2, the curves for different values of w; collapse in the
small-vy regime, so that the w; term is unimportant in the
stability analysis. In that case, the RPA correction, w.d(r
- r'), is just proportional to the identity matrix. The
eigenvectors of A-! are the same as those of [A°]-!, and the
eigenvalues of A-! are simply related to the eigenvalues of
[A%]-1 by the shift €;(q) = ¢°(q) + wea®. The result is that
inthe small-y regime the most unstable mode of A is always
the most unstable mode of A’. We conclude that ¢* X
and the shape of ¢*(z,y) should be independent of ~.

Using A° for an end-grafted layer in a ©-solvent, we find
the minimal eigenvalue for [A?]-! occurs at ¢ = ¢* = 1.375/
Xoand has the value 0.636/2a*X ;3. Substituting thisinto
eq 3.2 and neglecting the w; term, the laterally homoge-
neous solution becomes unstable at

w, = —1.80(5)2(%)3’ ’ (5.1)

in agreement with our numerical results.
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The behavior in the normal direction can be understood
as follows. Returning to eq 3.2, the RPA correction in A-!
is stabilizing if (c(z)) > co/2, where ¢y = |wq|/(w3a?), and
destabilizing for {¢(2)) <co/2. Inthesmall-yregime, (c(z))
is less than c¢/2 in the entire layer (see Figure 4a).
Therefore, the width of the unstable mode is over the entire
layer. For a ©-solvent, the layer height is of order X,.

The behavior of the phase boundary for small vy can also

be obtained from a scaling argument. Let H be the height
of the end-grafted layer. The elastic energy per chain is
on the order of H?/ X2 for H > X, and X%/ H? for H <
X.%® Since, for a ©-solvent, H is of order X, the elastic
energy per chain is of order unity. Since the w; term is
unimportant in the stability analysis, the volume inter-
action energy per chain is of order w.a3Nc, where ¢ ~
N/(I2H). The instability will occur when the interaction
energy is the same magnitude as the elastic energy, or,
since H ~ aN/2,
w.N*2a?
-w,a’Ne ~ - 2NT ~1 (5.2)
or —wy ~ (l/a)2N-3/2, in agreement with eq 5.1. We note
that this scaling argument gives a different result from
that of Klushin,?! who assumed that the concentration is
given by the bulk equilibrium value.

B. TheCrossover. Inthesmall-yregime, as discussed
above, (¢(2)) is not greatly affected by the solvent quality.
The crossover occurs when the effects of the poor solvent,
the compression of the entire polymer layer, and the lateral
clumping of the layer become comparable. This occurs
when the three-body interactions become important. Since
in the small-y regime the elastic energy and two-body
interaction energy are comparable (along the phase
boundary), we can estimate where the small-y regime ends
by matching the elastic, the two-body, and the three-body
interactions. The latter two match when ¢ ~ ¢;. Then
using ¢ ~ N/(I2H) we have

H\? N? N?
() ~weig e 09
Substituting the small-vy result, H =~ X, we find that the
crossover of the phase boundary occurs when

i)zL
al N¥2
~w3(%)2N” 2 (5.4)

-, ~(

where the first line comes from matching the first pair of
terms and the second line comes from matching the second
pair. This yields the crossover at ws =~ (I/a)*N-2 =~ [4/ X%
For X¢*/l* < w31, we are in the small-y regime. However,
if X2/12 is too small, our analysis breaks down. Since w;
is expected to be of order unity, the small-y regime as
produced by our analysis may be difficult to observe. Note,
however, that the Monte Carlo results of Lai and Binder!?
show that even for /2 somewhat larger than X ? the
polymers do not form individual isolated globules but
rather clump together in larger groupings. Therefore, our
analysis in terms of cooperative behavior of chains may
be helpful in understanding the behavior of the end-grafted
layer even for [2 greater than X2

Another feature of the crossover regime is that the
instability no longer occurs over the entire layer but is
increasingly restricted to the edge of the layer (see Figure
4b). We can understand this by simply noting that there
are some 2 such that (¢(2)) > ¢¢/2. Therefore the RPA
correctionisstabilizing in this innerregion. Theinstability
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Figure 6. Schematic showing the types of structures expected
in the large-y region. A dimpled surface is again formed.
However, the instability is restricted to a region near the top of
the grafted layer on the order of the bulk correlation length, and
the distance between the dimples is larger than the O-solvent
radius of gyration X.

30 ——

" e ..‘.1.(.)0
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Figure 7. Width of the unstable mode, W, divided by the bulk
correlation length £ = aw;!'/?/w, vs vy for larger values of y. This
shows that, in the normal direction, the instability occurs on
length scales on the order of the bulk correlation length.

is therefore restricted to the top of the grafted layer where
{c(2)) < ¢o/2 but {c(z)) is nonnegligible.

C. Large-y Regime. Inthelarge-y region, most of the
grafted layer has (c(2)) > co/2. In this region, the RPA
correction is stabilizing and the instability is restricted to
the top of the grafted layer. Figure 6 shows schematically
the types of structures we expect from the linear stability
analysis in the large-y region.

Since the instability is restricted to the region in which
{c(z)) changes from cy/2 to zero, it should be on the order
of the width of the interface between bulk chains and
solvent. This, in turn, is onthe order of the bulk correlation
length. For a poor solvent the bulk correlation length is
£ = (acolwg))1/2 or £ = aws'/?/|wy|. Figure 7 shows the
constant value of the width of the unstable mode divided
by the bulk correlation length. Here, the width of the
unstable mode is taken to be at half-maximum. Note that
the large-vy regime, which does indeed yield a more steplike
profile at the instability, does not imply a very poor solvent
(jwe| > 1) in which the correlation length would be on
monomeric length scales. The large-v instability can be
approached by maintaining the system very close to the
O-temperature and increasing the chain length or grafting
density. Under such conditions the correlation length is
much larger than monomeric length scales.

Figure 3 shows that ¢* X, is a decreasing function of v.
Therefore in the lateral direction, the instability occurs
on length scales larger than X,. We conjecture that this
feature is due to the following. As v becomes larger, the
instability becomes restricted to the tips of the chains.
Since the tips of the chains will have the greatest freedom
to move in the lateral direction, the distance between the
dimples increases as a function of ~.

Finally, we note that at the top of the layer, the mean
field theory is least accurate. Therefore in the large-y
regime, detailed results of this analysis, such as exponent
values, may not be accurate. However, we expect that
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qualitative results, such as the existence of the instability
and the length scale over which this instability occurs,
will still be valid.

D. Classical Path Approximation in the Caseof a
Poor Solvent. For a good solvent, the classical path
approximation has proven to be a very useful method.10.11
(This approximation neglects all fluctuations around the
path minimizing the free energy.) Using the classical path
approximation, Marko and Witten!4 used the RPA tostudy
the stability of a blend of A-B end-grafted chains. They
found that for sufficiently large incompatibility there could
be instability in the lateral direction. The classical path
approximation has also been combined with RPA tostudy
the case of a grafting surface with negative curvature.!®

We now consider the classical path approximation
applied to the poor solvent situation. Since the classical
path approximation is valid in the limit of y — =, it is
inappropriate as a description of the small-y and the
crossover regimes. In the large-y regime, (c(2)) in the
classical path solution has a discontinuous jump at the
layer height!718 (for a poor solvent). The jump in (c(z))
is equal to cg, and c(z) > ¢o in the entire grafted layer.
Therefore, within the classical path approximation, the
RPA correction is stabilizing over the entire layer. This
is also true of the step function profile.’®> On the other
hand, our analysis shows that the mean field solution is
unstable in the limit of ¥y — «. The difference is that, at
large v, one expects (and we indeed find) that the linear
instability affects a region smaller than O(N) in the
direction normal to the surface.2’” The classical path
approximation loses the ability to describe structures on
length scales smaller than O() in this direction. Con-
sequently, on this longer length scale, O(N), the mean
field profile is stable.28

VI. Summary

We have combined the random phase approximation
with the numerical mean field analysis to study the case
of an end-grafted homopolymer layer in a poor solvent.
We found that as the solvent quality is decreased, the
grafted layer is unstable to fluctuations tangential to the
grafting plane. We constructed the phase diagram as a
function of chain length, grafting density, and solvent
quality, separating the regimes in which the laterally
homogeneous layer is linearly stable from that in which
it is linearly unstable. In a poor solvent and for fixed
grafting density, we find that the grafted layer is always
unstable to tangential fluctuations as the chain length is
increased. Forsmall values of the parameter v = N(ws2a%)/
(lwof?l4), we find that in the tangential direction the
instability occurs at length scales on the order of X, the
radius of gyration of the chain in a ©-solvent. Inthenormal
direction, the instability occurs over essentially the entire
grafted layer. As « is increased, the instability becomes
restricted to the tip of the layer on a length scale on the
order of the bulk correlation length. In the lateral
direction, the instability occurs at length scales larger than
Xo.

To summarize, our linear stability analysis indicates
that in a poor solvent the grafted layer forms a dimpled
surface in which both the depth of and the distance
between the dimples depend on chain length, solvent
quality, and grafting density. Our method does notrequire
an analytic mean field solution and is therefore quite
general. Thisapproachshould allowone tostudy the effect
of fluctuations in a large class of spatially inhomogeneous
polymer systems.
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Appendix A

In this appendix, we derive the rescaling used to obtain
our two dimensionless parameters vy and 3. This is the
same rescaling as that used by Zhulina et al.!® We can
rewrite the many-chain Edwards Hamiltonian (eq 2.1) as

1|<9R,,(m)'2 w,a®
2 om |
8

Wwsa

—c(R,(m))* (A1)

HR,m)} =Y [ dm SRy +
b

with the condition

%fdxfdz c(r) = fdz ¢(z) = N/I?

Here A is the total area of the grafting surface and c(2)
is the concentration averaged over the x~y directions.
We now introduce the dimensionless variables appro-
priate for a poor solvent, Z = z/h,s = m/N, & = x/ X, and
& = ¢/co, where Xo? = a2N/2 and ¢ = ||/ (wsa?). Interms
of these dimensionless variables, the Hamiltonian becomes

Zy

2
oGS Lo

K2 2X,'Nw, 1
= {4s (—E(Rb) - —a(Rb>2) (A2)
2X.2  h'w, 2 3
and
fdze =

Iwzlhl2

where we have assumed that w; < 0. Letting h = Nwsa3/
(wali®, v = h¥(2Xe®) = Nws?a*)/(wal?), and 8 =
2N X2we?/ (h2ws) = (wetl%)/(wsa?), we obtain

V4
1 1 1
H{R, ()} = Z‘y folds (Era‘:{z - 6(55(1?,,) - EE(R,,)Q)) +

1 1 Xb
;Zfo ds ™ (A3)
f dze@) =1

Therefore the model is described by only two dimensionless
parameters v and 8. Note that h results from straight-
forward dimensional analysis for the layer height in the
strong stretching limit. Since v = h2/ X%, v describes how
much the chain is stretched in the z direction relative to
its lateral extension. The variable § is more difficult to
interpret physically. We can think of it as a measure of
the strength of the interaction term versus the connectivity
terms.

and
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We may rewrite the two-body terms using

1 1
ZE [ dm c®,(m) = 5 fdre? (Ad)
= fdr e(r) (e(r)) - %fdr (c(r))? + %fdr (6c(r))?

1 1 ‘
= ZfoNdm (c(Ry) “Efdr (c(x))* + Efdr (6c(r))?
7

A similar expression may be obtained for the three-body
term. Treating (c(r)) as an external field and dropping
all terms in the Hamiltonian without explicit dependence
on the chain trajectories, Ry(m), and terms of order éc? or
higher, we obtain the mean field Hamiltonian # (eq 2.3).
If we furthermore assume that the mean field solution is
laterally homogeneous, #, can be written in terms of the
rescaled variables as %o = v, where % is given by

Rl = 3, ds{——lZ BUEZY) - (2Z)))  (AB)

We have dropped all the X dependence, which can be
integrated out in the partition function. The mean field
partition function Z becomes

Z= fl){Z} exp(—'yﬁo) (AB)

where the integration is over all chain trajectories. We
see immediately that in the limit of Y large one can ignore
all tra_]ectorles except those that minimize the Hamiltonian

(To be more precise, one only needs to include all
traJectones that have energies within O(y-1) of the energy-
minimizing trajectories.) This is known as the classical
path approximation.10.1

Appendix B

For completeness, we summarize the standard formulas
for the average concentration (c(z)) and the mean field
correlation matrix A° in terms of the Green’s functions.

The average concentration is given by eq 2.2
(e(r)) Z fdm (5 - Ry(m))) (B1)
In terms of the Green’s function this becomes

fdrE G(rg,N;r,m) G(r,N;X,,0)
() =) (B2)
7 {drg Grp.N:X,0)

where X is the grafting point of the bth polymer on the
z = 0 plane.

Assuming that the mean field solution is laterally
homogeneous, we can replace the sum over chains, Z;, by
an integral over the grafting surface I-2(dX. Using eq 3.3
for G(r,m;¥',m’), we find

1
(c(2)) = -Z——l—zfdzEfoNdm F(zg,Niz,m) F(z,m;0,0) (B3)
where the normalization constant Z is

Z = [dz; F(z,N0,0) (B4)

and we have used the fact that {dx Go(x,m;x’,m’) = 1.
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The general correlation matrix is given by
A(r,r’) = (c(r) c(r)) - {c(r)) (c(1)))
= Y (€aD) ¢(1) - (e, (M) (cy(®))  (BS)
a,b
where c,(r) is the concentration due to the bth chain at
point r. In the mean field approximation the chains are

independent so that all terms with @ = b cancel and A°
is given by

A ) = D (1) ¢ (1)° =) (e,() (c,(r))  (BE)

With the assumption that X2 > /2, we can replace the sum
over grafting points by an integral over the grafting surface,
Arx) = 12 [ dX, (e, (0. X,) ¢,/ X)° -

(e, (0,X)° (e, (", X)) (BT
Here, c1(r,Xo) is the concentration at r due to a chain
grafted at X;. In terms of the Green’s functions this
becomes!4

N o 1 N m ’ 7y’

Alr,y) = ﬁfdzEfo dmf0 dm’ Gy(x,m;x’,m’) X

[F(z5,N;z,m) F(z,m;z’,m’) F(z’,m’;0,0) +
F(zg,N;2’',m) F(z',m;z,m’) F(z,m";0,0)] -

7t ledzEf dmfdz f dm’ x
Gy(x,m+m’;x,0) F(zg,m;0,0) F(z;',m’;0,0) (B8)

We then Fourier transform with respect to the x to obtain
A%z,2';q) (eq 3.6),

_ 1 N m 7 —q2m-m'y/2

= —Z?fdzEfO dmﬁ) dm’ e @™ 2 x
[F(zg,N;z,m) F(z,m;z’,m’) F(z',m",0,0) +
F(z;,N;2’,m) F(z',m;z,m’) F(z,m";0,0)] -

lefdzbf dmfdz Ef dm’ e 9 mmI/2 x
F(z5,m;0,0) F(zg/,m’;0,0) (B9)

We use the above formula to calculate the independent
chain correlation matrix. In our case we discretized space
with Az = 1/; and set the maximum value of z sufficiently
large that it did not affect the result. We then invert the
resulting square matrix numerically to obtain [A%)-1(z,2’;q).

A'z,2q)
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